Abstract. In this paper we provide six different equivalent sets of axioms for affine Λ-buildings, by providing different types of metric conditions, exchange conditions, and atlas conditions. The work on atlas conditions builds on the work of Anne Parreau on equivalence of axioms for Euclidean buildings. The new axiom systems provide for potentially easier proofs that spaces are Λ-buildings. Moreover, we apply our result to show that the definition of a Euclidean building depends only on the topological equivalence class of the metric on the model space of the building. In an appendix a class of examples is constructed to illustrate the sharpnes of the axioms dealing with metric conditions. These examples show that a space X defined over a given model space (with metric d) is possibly a building only if the distance function induced on X (by d) satisfies the triangle inequality.
Introduction
Euclidean buildings, also referred to as non-discrete affine or R-buildings, form one of the prime examples of CAT(0)-spaces and were defined by Bruhat and Tits in [BT72] and [Tit86] to study Lie-type groups over local fields, as well as fields with non-discrete valuations.
while some of Parreau's proofs in the Bruhat-Tits situation carry over to Λ-buildings, any proof that uses compactness or connectedness properties of R must be reworked as Λ need not have these properties.
A second complication arises when looking at the definition of Λ-buildings. Namely, in the case that Λ = R the metric on R n (which is a model for an apartment of the building) used to define the Λ-building is not the usual Euclidean metric. This begs the question of what importance does the choice of metric play. One consequence of our main theorem is that so long as the metrics are equivalent, there will be no change in the definition of a Λ-building. Moreover, in this case, the induced metric will necessarily satisfy the triangle inequality.
It is mentioned in [Ron89] that a certain subset of the classical axioms of Tits' is enough to guarantee that a certain space X modeled on a Λ-apartment A is in fact a Λ-building. However, it appears that there was a further assumption that the distance function induced on the space X by the metric on the model space A satisfies the triangle inequality as we can see by the construction given in the appendix, i.e. Section 9. See also Remark 3.3 in this regard.
The present paper is organized as follows: In Section 2 we define affine Λ-buildings and list the properties and axioms in consideration. After that we will present our main results in Section 3 where we also give an outline of their proofs. The detailed proofs are then given in Sections 4 through 8. Further details concerning the content of these sections are given after the statement of the main theorem on equivalent axiom sets in Section 3.
Finally, Section 9 is devoted to the construction of certain examples of spaces emphazising the sharpnes of axiom (A5).
Definitions and axioms
The model apartment of an affine Λ-building is defined by means of a (not necessarily crystallographic) spherical root system Φ and a totally ordered abelian group Λ. Just as the apartments of Euclidean buildings are isomorphic copies of R n , the model space A of an affine Λ-building is isomorphic to Λ n . We define
where F is a sub-field of the real numbers containing all evaluations of co-roots on roots.
The spherical Weyl group W associated to Φ acts on A by naturally extending its action on Φ. We define a hyperplane H α in the model space as a fixed point set of a reflection r α in W which separates A into two half-spaces, called half-apartments. An affine Weyl group W T acting on A, is the semi-direct product of W by some W -invariant translation group T of the model space. In the case that T is the entire space A we will write W instead of W T .
Associated to a basis B of the root system Φ there is a fundamental Weyl chamber C f . The chamber C f is a fundamental domain for the action of W on A. Its images in A under the affine Weyl group are Weyl chambers (sometimes called sectors). If two Weyl chambers contain a common sub-Weyl chamber we call them parallel. A Weyl simplex is a face of a chamber. The smallest face of dimension 0 is called basepoint, and a panel is a Weyl simplex of co-dimension one.
One can endow A with a natural W -invariant metric taking its values in Λ, and thus making A a Λ-metric space in the following sense: A map d : X × X → Λ on a space X is a Λ-metric if for all x, y, z in X the following conditions are satisfied While in principle there exist many different potential Λ-metrics for X, depending on Λ, the definition of one may be somewhat complicated. In the case where Λ = R, the standard Euclidean metric works, however, in the case where square roots may not exist (Λ = Q or Z × Z for example) things can be more difficult. One such solution for all Λ is to use a modified Minkowski metric (see [Ben94] for details). We now define generalized non-discrete affine buildings. Throughout the following fix a model space A and an affine Weyl group W T . Definition 2.1. Let X be a set and A, called the atlas of X, be a collection of injective charts f : A → X. For each f in A, we call the images f (A) apartments and define Weyl chambers, Weyl simplices, hyperplanes, half-apartments, etc. of X to be images of such in A under any f in A. The pair (X, A) is a (generalized) affine building (or Λ-building) if the following conditions are satisfied (A1) The atlas is invariant under pre-composition with elements of W T . (A2) Given two charts f, g ∈ A with f (A) ∩ g(A) = ∅. Then f −1 (g(A)) is a closed convex subset of A and there exists w ∈ W T with f
) . (A3) For any pair of points in X there is an apartment containing both.
Given a Λ-metric d A on the model space, axioms (A1)-(A3) imply the existence of a Λ-valued distance function on X, that is a function d : X × X → Λ satisfying all conditions of the definition of a Λ-metric but the triangle inequality. The distance between points x, y in X is the distance between their pre-images under a chart f of an apartment containing both.
(A4) Given two Weyl chambers in X there exist sub-Weyl chambers of both which are contained in a common apartment. (A5) For any apartment A and all x ∈ A there exists a retraction r A,x : X → A such that r A,x does not increase distances and r
−1
A,x (x) = {x}. (A6) Let f, g and h be charts such that the associated apartments pairwise intersect in half-
By (A5) the distance function d on X is well defined and satisfies the triangle inequality.
One problem raised by the definition is that condition (A5) relies on the choice of Λ-metric d A . However, in the case of Λ = R there are two natural Λ metrics to choose from, namely the standard Euclidean metric and the modified Minkowski mettric of [Ben94] . More generally, there are potentially many possible metrics to choose from, and it would be helpful to have a better understanding of the role of the choice of metric in the definition (i.e., at what level does the definition depend on the choice of the metric). To keep our notation manageable, we will assume the metric on A is given as part of A.
The main goal of the present paper is to prove equivalence of certain sets of axioms. From this equivalence, we will be able to show that for any two topologically equivalent metrics on A the definitions of a Λ-building for the given metrics are equivalent. Let us therefore collect all properties which are necessary to state the main result. These properties break into three categories, metric conditions, exchange conditions, and atlas conditions.
We begin with the two metric conditions. We note that (A5) is one such condition since it implies that the global distance function is a metric on the space X. In [Ben94] , this condition is used to prove the existence of a building at infinity for a Λ-building. However, in [Par00] (for Λ = R) and [Hit11] (for general Λ), proofs of the existence of the building at infinity 1 are given that do not require the full power of condition (A5). Consequently, there is benefit 1 In order to show that a given pair (X, A) has a spherical building at infinity it is enough to assume that said pair satisfies axioms (A1)-(A4) and (TI).
to having the weaker condition necessary, namely that the induced distance function on X is a metric.
(TI) (Triangle inequality) The distance function d on X, which exists assuming (A1)-(A3), is a metric, i.e. satisfies the triangle inequality.
We next move to the exchange type conditions. One difficulty with generalizing the definition of an R-building to the Λ-building case was that the totally ordered group Λ might not be topologically connected. In the case of trees (the lowest dimension affine buildings), the move from R-trees to Λ-trees required the introduction of a Y -condition, which is essentially a condition that says when two paths diverge, that the symmetric difference of those paths together with the point of divergence itself forms a path. For the higher dimensional Λ-building context, this condition was encapsulated in (A6). For our purposes, we have two other exchange conditions, each of which is slightly stronger than (A6). The first is most naturally an exchange condition, and hence we give it that name.
(EC) (Exchange condition) Given two charts f 1 , f 2 ∈ A such that f 1 (A) ∩ f 2 (A) is a half apartment, then there exists a chart f 3 ∈ A such that f 3 (A)∩f j (A) is a half apartment for j = 1, 2. Moreover, f 3 (A) is the symmetric difference of f 1 (A) and f 2 (A) together with the boundary wall of
Note that the exchange condition can be restated in "apartment language" as: Given two apartments A and B intersecting in a half-apartment M with boundary wall H, then the set (A ⊕ B) ∪ H is also an apartment, where ⊕ denotes the symmetric difference of A and B.
2
We will also consider the following even stronger exchange condition for which Linus Kramer suggested the name sundial configuration.
(SC) (Sundial configuration) Suppose f 1 ∈ A and S is a Weyl chamber of (X, A) such that P = S ∩ f 1 (A) is a panel. Letting M be the wall of f 1 (A) containing P . Then there exist f 2 = f 3 ∈ A such that f 1 (A) ∩ f j (A) is a half-apartment and (M ∪ S) ⊂ f j (A) (for j = 2, 3).
The sundial configuration can be restated as: Given an apartment A of X and a chamber c in the building at infinity such that c shares a co-dimension one face p (a panel) with ∂A (the boundary of A or the apartment at infinity associated to A) but is not contained in the ∂A. Then there exist two apartments A 1 = A 2 such that c ∈ ∂A i , i = 1, 2 and such that A i ∩ A is a half apartment with bounding wall spanned by a panel in p.
The last set of conditions are the atlas conditions. These conditions all state properties of the atlas set A in terms of containing subsets of X. Thus conditions (A3) and (A4) are atlas conditions. These atlas conditions typically correspond to statements about objects (two points or Weyl chambers for example) being contained in an apartment (with one exception).
To be more precise, we need some terminology.
We say that two Weyl simplices F and G share the same germ if both are based at the same vertex and if F ∩ G is a neighborhood of x in F and in G. It is easy to see that this is an equivalence relation on the set of Weyl simplices based at a given vertex. The equivalence class of an x-based Weyl simplex F is denoted by ∆ x F and is called the germ of F at x. The germs of Weyl simplices at a vertex x are partially ordered by inclusion: ∆ x F 1 is contained in ∆ x F 2 if there exist x-based representatives F 1 , F 2 contained in a common apartment such that F 1 is a face of F 2 . Let ∆ x X be the set of all germs of Weyl simplices based at x. We note that since the definition of a germ is dependent on the definition of a neighborhood of a point, the notion of germs are necessarily dependent on the (equivalence class of the) metric on A with which we start.
A germ µ of a Weyl chamber S at x is contained in a set Y if there exists ε ∈ Λ + such that S ∩ B ε (x) is contained in Y where B ε (x) denotes the usual ε-ball around x. We are now ready to state the first three of our new atlas conditions.
(LA) (Large atlas) Any two germs of Weyl chambers are contained in a common apartment. (ALA) (Almost a large atlas) For all points x and all y-based Weyl chambers S there exists an apartment containing both x and ∆ y S. (GG) (Locally a large atlas) Any two germs of Weyl chambers based at the same vertex are contained in a common apartment.
Note that both (LA) and (ALA) imply (A3).
We say two x-based germs are opposite if they are contained in a common apartment A and are images of one another under the longest element of the spherical Weyl group (which acts on the set of (germs of) x-based Weyl chambers in A).
3 Two Weyl chambers are opposite at x, if their germs are opposite. This leads us to our fourth new atlas condition, (CO) (Opposite chambers) Two opposite x-based Weyl chambers S and T are contained in a unique common apartment.
For our last atlas condition, we need a metric notion of a "convex hull" like object. Thus, we define the segment seg X (x, y) of points x and y in a metric space X to be the set of all
(FC) (Finite cover) For all triples of points x, y and z in X and all apartments A containing x and y the segment seg A (x, y) is contained in a finite union of Weyl chambers based at z.
Remark 2.2. Both, the existence of a large atlas (LA) and its local analog (GG) were introduced by Parreau [Par00] . Condition (LA) was called (A3') in [Par00] according to its proximity to axiom (A3) and the abbreviation (GG) probably stood for "germ -germ". The opposite chamber property (CO) also appeared in [Par00] , where (CO) stood for "chambre opposées". The condition (ALA) to almost have a large atlas is 'in between' (A3) and the existence of a large atlas and suffices for one of the implications in 3.2.
Main results
The purpose of this section is to state our main results.
Recall that we say that (X, A) is a space modeled on A if X is a set together with a collection A of injective charts f : A → X such that X is covered by its charts. That is X = f ∈A f (A). Throughout the remainder of the paper we will assume that conditions (X, A) satisfies conditions (A1)-(A3).
Using explicit constructions and combinatorial properties of links and the building at infinity we prove in Proposition 5.1 that (A6) and the exchange condition (EC) are equivalent asuming (A1)-(A5) are also satisfied. By similar arguments we obtain in Proposition 5.2 that (EC) is implied by (A4) and the sundial configuration and that on the other hand (SC) follows from (A4), (A5) and (EC), that is (EC) and (SC) are equivalent. Hence we have
Summarizing all results proved in this paper we obtain the following theorem. Before discussing the proof, it is worth saying a few words about the relationship of the various conditions. In particular, statements (2)-(5) correspond to various options on metric and exchange conditions. Statements (6) and (7) are the stronger versions of the atlas conditions (each having one on germs and one on Weyl chambers) that imply (X, A) is an affine Λ-building, allowing us to ignore both metric and exchange conditions. Finally, statement (8) lets us use the weakest of the atlas conditions (in that (ALA) is weaker than (LA) and (A4) is often easier to show than (CO)) at the cost of the finite cover condition and the exchange condition. Also recall that both (LA) and (ALA) imply (A3).
Proof. To prove the above theorem we will show the following implications:
Thm. 7.10
By Proposition 3.1 we have that (1), (4) and (5) are equivalent. Equivalence of (1) and (3) is shown in Theorem 7.10. That (1) implies (2) and (7) implies (6) are obvious. Assuming (2) we obtain (GG) and (CO) as discussed in Section 6. For details see Corollaries 6.2 and 6.7. Hence item (2) implies (6).
In Section 4 we prove Proposition 4.4, which implies that (7) follows from (6).
By Proposition 5.3 the axioms listed under (6) imply that (EC) holds. In Proposition 7.4 it is shown that the finite cover condition (FC) follows from (A1)-(A3) and (CO). Finally we prove in Section 8 that axiom (A4) follows from (6). This completes the proof of the fact that (6) implies (8).
Axiom (A5) is verified in Section 7 using (A1), (A2) and condition (ALA) and (FC) . Therefore item (8) implies (5). This completes the proof of our main result.
Remark 3.3. The original axiomatic definition of affine R-buildings is due to Jaques Tits, who defined the "système d'appartements" in [Tit86] by listing five axioms. The first four of these are precisely axioms (A1)-(A4) as presented above. His fifth axiom originally reads different from ours but was later replaced with what is now axiom (A5) as written in Definition 2.1.
One can show that in case of R-buildings axioms (A6) follows from (A1)-(A5). In appendix 3 of [Ron89] it is stated that (A5) and (A6) are equivalent, which would imply that condition (TI) can be dropped in (2) of Theorem 3.2. It is however possible to construct examples of spaces satisfying (A1)-(A4) that vacuously satisfy (A6) but satisfy neither (A5) nor (TI). See Section 9 for details.
3.1. An application. In this section we explain a simple yet interesting consequence of Theorem 3.2 alluded to earlier. The class of affine Λ-buildings is a generalization of Euclidean buildings, which themselves generalize the (geometric realizations of) simplicial affine buildings. The affine Λ-buildings can be endowed with a Λ-metric.
Concerning the metric structure the following difficulty arises when viewing Euclidean buildings as the subclass of affine Λ-buildings where Λ = R and where the translational part T of the affine Weyl group equals the co-root-lattice spanned by a crystallographic root system, or is the full translation group of an apartment in the non-crystallographic case. When studying Euclidean buildings one usually uses the Euclidean metric on the model space. Compare for example [Par00] or Kleiner and Leeb [KL97] .
The natural metric on the model space of an affine Λ-building is however defined in terms of the defining root system Φ, compare [Hit09] , and is a generalization of the length of translations in apartments of simplicial affine buildings. This length function on the set of translational elements of the affine Weyl group is defined with respect to the length of certain minimal galleries. Hence this natural metric used for Λ-buildings is different from the Euclidean one in case Λ = R.
The question arising is the following: Let us assume that X is an affine building with metric d, which is induced by a metric d A on the model space. Let d A be a metric on the model space different from d A and does hence induce a second distance function d on X. Does d satisfy the triangle inequality? And is (X, d ) an affine building? To be able to answer these questions one has to understand whether the retractions appearing in (A5) do exist and are distance diminishing. Theorem 3.2 answers these questions with "yes", so long as the metrics are topologically equivalent on A.
Theorem 3.4. Let (X, A) be an affine building with metric d on X. Then every W -invariant metric d topologically equivalent to d which can be defined on the model space extends to a metric on X. In particular "being a building" only depends on the equivalence class of d, not on the metric itself.
Proof. Let (X, A) be a building equipped with a metric d. Then for any topologically equivalent metric d axioms (A6) and (A1) to (A4) are still satisfied, since these axioms do not contain conditions on the metric. In addition, since the metrics d and d are topologically equivalent on the model space, they define the same germs of Weyl chambers. In particular, conditions (GG), (LA), and (ALA) are all satisfied for d if they are satisfied for d. Since condition (CO) is independent of the metric, it follows that both statements (6) and (7) of 3.2 are true for d also. Consequently (X, A, d ) is also a Λ-building and the metric induced by d satisfies (TI) by statement (2).
Thus whether or not a pair (X, A) modeled on A is an affine building only depends on the topological equivalence class of the metric imposed on A.
Having a large atlas (LA)
Assume that (X, A) is a pair satisfying axioms (A1) to (A3). Recall that the germs of Weyl simplices based at a vertex x are partially ordered by inclusion. A germ ∆ x S 1 of a Weyl simplex S 1 is contained in ∆ x S 2 if there exist x-based representatives S 1 , S 2 contained in a common apartment such that S 1 is a face of S 2 . The residue ∆ x X of X at x is the set of all germs of Weyl simplices based at x.
Theorem 4.1. Assume that (X, A) has property (GG) in addition to (A1)-(A3). Then ∆ x X is a spherical building of type Φ for all x in X. Furthermore if in addition (A5) holds ∆ x X is independent of A.
Proof. We verify the axioms of the definition of a simplicial building, which can be found on page 76 in [Bro89] . It is easy to see that ∆ x X is a simplicial complex with the partial order defined above. It is a pure simplicial complex, since each germ of a face is contained in a germ of a Weyl chamber. The set of equivalence classes determined by a given apartment of X containing x is a subcomplex of ∆ x X which is a Coxeter complex of type Φ. Hence we define those to be the apartments of ∆ x X. Therefore, by definition, each apartment is a Coxeter complex. Two apartments of ∆ x X are isomorphic via an isomorphism fixing the intersection of the corresponding apartments of X, hence fixing the intersection of the apartments of ∆ x X as well. Finally due to property (GG) any two chambers are contained in a common apartment and we can conclude that ∆ x X is a spherical building of type Φ.
Let A be a different system of apartments of X. We will denote by ∆ the spherical building of germs at x with respect to A and by ∆ the building at x with respect to A . Since spherical buildings have a unique apartment system the buildings ∆ and ∆ are equal if they contain the same chambers. Let c ∈ ∆ be a chamber; we will show c ∈ ∆. Let d be a chamber opposite c in ∆ and a the unique apartment containing both. In case that (GG) and (CO) are satisfied, the proof is as in [Par00, Prop 1.15].
Proof. Assume (A4), (TI), and (SC). We write d(S, T ) for the Weyl group-valued Weyl chamber-distance of ∂S and ∂T in the spherical building at infinity and we similarly write δ(µ, ν) for the Weyl chamber-distance of germs µ and ν in a residue ∆ x X. Taking to be the usual length function on Coxeter groups, we use (δ(µ, ν)), and (d(S, T )) to denote the length of a minimal gallery connecting the germs µ and ν and respectively of the one connecting the chambers ∂S, ∂T in the building at infinity. Further, let A 0 be an apartment containing S.
By axiom (A4) there exists an apartment A containing sub-Weyl chambers S of S and T of T , and (d(S , T )) ≥ (d(S, T )). Replace S and T by Weyl chambers in A based at a common vertex x ∈ S, consider a minimal-length sequence
of x -based Weyl chambers. By construction A 0 contains S . Let j be minimal such that S j+1 contains no sub-Weyl chamber in A 0 . If j = n (i.e., T has a sub-Weyl chamber T contained in A 0 ), then T is Weyl chamber of A 0 and, as x ∈ A 0 , by convexity it follows that T ⊂ A 0 and there is nothing to prove. We will induct on n − j. The basis step having been proved, assume S j+1 has no sub-Weyl chamber contained in A 0 but S 0 , . . . , S j all have sub-Weyl chambers in A 0 . In this case, there exists a Weyl chamber S j+1 parallel to S j+1 (in A ) such that S j ∩ A 0 is a panel (parallel to a panel of S j ). By (SC) there exists an apartment A j+1 containing S j+1 and the germ ∆ y S of the Weyl chamber S (since for any wall ∆ y S must lie on one side or the other of the wall). If S is contained in A j+1 , then we replace A 0 with A j+1 and by induction on n − j we have the result. On the other hand, if S ⊂ A j+1 , let S be the Weyl chamber of A j+1 with germ ∆ y S = ∆ y S. Then
Moreover, considering the case of S and T , together with A j+1 as our new A 0 , by induction there exists an apartment A containing ∆ y S and T , with (δ(∆ y S , ∆ y T )) ≤ (d (S , T ) ). However, ∆ y S = ∆ y S and , T ) ) as desired. Note that if equality holds, then in each case, the apartment A j contains S (where we take A j as the apartment containing S j and S y in the proof), and in particular, A n contains both S and T as desired.
Corollary 4.3. Let (X, A) be a pair satisfying axioms (A1)-(A4), (TI), and (SC). If S and T are Weyl chambers of X based at y, and δ(∆ y S, ∆ y T ) is maximal, then S and T are contained in a common apartment.
Proof. Since δ(∆ y S, ∆ y T ) is maximal, the proof of Lemma 4.2 implies that (δ(∆ y S, ∆ y T )) = (d(S, T )). However, in this case the lemma implies the existence of an apartment A containing S and T .
Another proof of the above corollary can be found in 5.23 of [Hit09] . The following proposition was already proved in [Hit09, 5.15] using similar techniques.
Proposition 4.4. Assume that (X, A) satisfies either (GG) and (CO) or, alternatively, axioms (A4), (TI) and (SC). Then (LA) is satisfied as well.
Proof. Let ∆ x S and ∆ y T be two germs of Weyl chambers S and T . We begin by showing that ∆ x S and y are contained in a common apartment B. By (A2), there exists an apartment A containing x and y. Let C be a Weyl chamber of A based at x containing y. By Lemma 4.2 there exists an apartment B of X containing ∆ x S and C. Take S to be the Weyl chamber of B based at y containing ∆ x S. Again by Lemma 4.2, there exists an apartment A containing ∆ y T and S . Since ∆ x S ⊂ S , it follows that A contains ∆ y T and ∆ x S as desired.
Exchange axioms
In this section, we prove equivalence of the sundial configuration (SC), the exchange condition (EC) and axiom (A6) given that (A1)-(A5) are satisfied. Recall that (A1)-(A5) are enough to show that there exists a spherical building at infinity ( [Hit09] ). Given (X, A), we will use the standard notation of (∂X, ∂A) to denote the associated spherical building at infinity, and given an apartment A of A, we will write ∂A to denote the associated apartment at infinity. For notational convenience we will also use lower case letters for apartments in the building at infinity when not using the ∂-notation.
Proposition 5.1. Let (X, A) be a pair satisfying conditions (A1)-(A5), then condition (A6) and the exchange condition (EC) are equivalent.
Proof. First assume (X, A) satisfies (A6). Suppose A 1 = f 1 (A) and A 2 = f 2 (A) are two apartments of X with A 1 ∩ A 2 = H a half-apartment. Then ∂A 1 and ∂A 2 are apartments of ∂X that intersect in a half-apartment with bounding wall m. By spherical building theory, it follows that there exists an apartment a 3 whose chambers are the chambers of (∂A 1 ⊕ ∂A 2 ) ∪ m, further there exists an apartment A 3 of X with ∂A 3 = a 3 .
Since ∂A 1 ∩ a 3 is a half-apartment and A 1 ∩ A 3 is convex by (A2), it follows that A 1 ∩ A 3 is a half-apartment. Similarly A 2 ∩ A 3 is a half-apartment. Condition (A6) now implies that A 1 ∩ A 2 ∩ A 3 contains some element x ∈ X. Since x ∈ H and a 3 contains the chambers of ∂A 1 that are not in ∂A 2 , it follows that A 3 contains A 1 − H. Similarly A 2 − H ⊂ A 3 . By convexity the bounding wall M of H is contained in A 3 . But now the convexity of A 3 implies that x ∈ M as otherwise the wall parallel to M through x would not separate points of A 1 ∩ A 3 and A 2 ∩ A 3 . This implies that the exchange condition (EC) holds. Now assume that (A1)-(A5) and (EC) are satisfied, and let A 1 , A 2 , and A 3 be half apartments of X such that any two intersect in a half-apartment. By way of contradiction, suppose A 1 ∩ A 2 ∩ A 3 = ∅. Let H i,j = A i ∩ A j for i, j ∈ {1, 2, 3}. Since H 1,2 ∩ H 1,3 = ∅, it follows that if H is a half-apartment of A 1 with H 1,2 ∩ H contained in the boundary M of H, then H 1,3 ∩ H is again a half-apartment. Now the exchange condition (EC) implies that there exists an apartment A 4 such that A 4 = (A 1 ⊕ A 2 ) ∪ M 1,2 , where M 1,2 stands for the bounding wall of H 1,2 . Note that H 1,3 ⊆ A 4 , so that ∂A 4 consists of the same Weyl chambers as ∂A 3 . However, the apartments of X are in one-to-one correspondence with the apartments of ∂X. Therefore, A 3 = A 4 .
Proposition 5.2. Let (X, A) be a pair satisfying conditions (A1)-(A3). Then the following implications hold:
• if (A4), (A5) and (EC) are true, then (SC) is satisfied, and • provided (A4) and (SC) hold, then (EC) does as well.
In particular, given (A1)-(A5) conditions (EC) and (SC) are equivalent.
Proof. Suppose (X, A) satisfies conditions (A1)-(A5) and (EC). Let A 1 be an apartment and S a Weyl chamber such that
Therefore there is an apartment a 2 of ∂ A X such that ∂S ∈ a 2 , and ∂A 1 ∩ a 2 is a halfapartment. Let A 2 be the apartment of X with ∂A 2 = a 2 . Since ∂A 1 ∩ a 2 is a half-apartment the intersection A 1 ∩ A 2 is a half-apartment. We now apply condition (EC) to obtain (SC).
Conversely, suppose (X, A) satisfies conditions (A1)-(A4) and (SC), and let A 1 and A 2 be apartments of X intersecting in a half-apartment H. Let S be a Weyl chamber of A 2 such that S ∩ A 1 is a panel P of S, and let M be the wall of A 1 containing P . By (SC), there exists an apartment A 3 containing M such that A 1 ∩ A 3 is a half-apartment and A 2 ∩ A 3 is a half-apartment (as A 2 must be one of the apartments whose existence is guaranteed by (SC)) containing M ∪ S. By convexity, it follows that
The following proposition is used in the proof of Theorem 3.2 in order to show that item (6) implies item (8).
Proposition 5.3. Let (X, A) be a pair satisfying axioms (A1)-(A3) and (CO) and assume that the germs at each vertex form a spherical building. (By 4.1 this is true assuming (GG), for example.) Then the exchange condition (EC) is satisfied.
Proof. Let A and B be apartments intersecting in an half-apartment M . Let x be a point contained in the bounding wall H of M . By assumption ∆ x X is a spherical building. Therefore the union of ∆ x (A \ M ), ∆ x (B \ M ) and ∆ x H is an apartment in ∆ x X, which we denote by ∆ x A .
We choose two opposite germs µ and σ at x which are contained in ∆ x (A\M ) and ∆ x (B \M ), respectively. Let T be the unique Weyl chamber in A having germ µ and let S be the unique Weyl chamber in B with germ σ. By construction S and T are opposite and thus condition (CO) implies that the Weyl chambers S and T are contained in a common apartment A . Since two opposite Weyl chambers contained in the same apartment determine this apartment uniquely we can conclude that ∆ x A = ∆ x A . We conclude that A ∩ ((A ⊕ B) ∪ H) contains S, T and ∆ x A . Axiom (A2) says that apartments intersect in convex sets. Therefore A ∩(B\M ) = B\M and A ∩(A\M ) = A\M which implies that A ∩((A⊕B)∪H) = A .
Local structure
Recall that we say a germ µ of a Weyl chamber S at x is contained in a set Y if there exists ε ∈ Λ + such that S ∩ B ε (x) is contained in Y .
In the following let (X, A) be a pair satisfying (A1)-(A4), (TI) and (A6).
Proposition 6.1. Let c be a chamber in ∂ A X and S an x-based Weyl chamber in X. Then there exists an apartment A such that ∆ x S is contained in A and such that c is a chamber of ∂A.
The proof of the proposition above is as in [Par00, Prop. 1.8]. As a direct consequence we obtain:
Corollary 6.2. Any such pair has property (GG).
By the previous corollary (X, A) satisfies the assertion of Theorem 4.1, i.e. the germs at a fixed vertex form a spherical building. Proof. We need to prove that if S and T are Weyl chambers based at x and y, respectively, then there exists an apartment containing a germ of S at x and a germ of T at y.
By axiom (A3) there exists an apartment A containing x and y. We choose an x-based Weyl chamber S xy in A that contains y and denote by S yx the Weyl chamber based at y such that ∂S xy and ∂S yx are opposite in ∂A. Then x is contained in S yx . If ∆ y T is not contained in A apply Proposition 6.1 to obtain an apartment A containing a germ of T at y and containing ∂S yx at infinity. But then x is also contained in A .
Let us denote by S xy the unique Weyl chamber contained in A having the same germ as S xy at x. Without loss of generality we may assume that the germ ∆ y T is contained in S xy . Otherwise y is contained in a face of S xy and we can replace S xy by an adjacent Weyl chamber in A satisfying this condition. A second application of 6.1 to ∂S xy and the germ of S at x yields an apartment A containing ∆ x S and S xy and therefore ∆ y T . Proposition 6.4. Let A i with i = 1, 2, 3 be three apartments of X pairwise intersecting in half-apartments. Then A 1 ∩ A 2 ∩ A 3 is either a half-apartment or a hyperplane.
Proposition 6.5. (X, A) satisfies (SC).
Proof. Let A be an apartment in X and c a chamber not contained in ∂A but containing a panel of ∂A. Then c is opposite two uniquely determined chambers d 1 and d 2 in ∂A. Since any pair of opposite chambers is contained in a common apartment, there exist apartments A 1 and A 2 of X such that ∂A i contains d i and c with i = 1, 2. The three apartments ∂A 1 , ∂A 2 and ∂A pairwise intersect in half-apartments.
Axiom (A6) together with the proposition above implies that the three apartments of the sundial configuration intersect in a hyperplane.
For any point x ∈ X one can define a natural projection π : ∂ A X → ∆ x X from the building at infinity to the residue at x as follows. Let c be a chamber at infinity. Then there exists a unique Weyl chamber S based at x such that ∂S = c. Let π(c) = ∆ x S. Proposition 6.6. Let (c 0 , . . . , c k ) be a minimal gallery in the building at infinity, x a point in X and for all i denote by S i the x-based representative of c i . If (π x (c 0 ) , . . . , π x (c k )) is minimal in ∆ x X, then there exists an apartment containing
This follows by induction over k using Proposition 6.5 as in [Hit09, Prop. 5.22].
Corollary 6.7. If (X, A) satisfy properties (A1)-(A4), (TI), and (A6) then it also satisfies property (CO).
Proof. Let S and T be Weyl simplices opposite at x. Choose a minimal gallery (c 0 , c 1 , . . . , c n ) from c 0 = ∂S to c n = ∂T and consider the representatives S i of c i based at x. With S 0 = S and S n = T Proposition 6.6 implies the assertion.
Retractions based at germs
In this section unless otherwise otherwise stated let (X, A) be a pair satisfying axioms (A1), (A2) and assume there is an almost large atlas (ALA) (implying (A3) also). Further fix an apartment A in X with chart f ∈ A.
Definition 7.1. Let µ be a germ of a Weyl chamber and y a point in X, then, by (ALA), there exists a chart g ∈ A such that y and µ are contained in g(A). By axiom (A2) there exists w ∈ W such that g|
The map r A,µ is called retraction onto A centered at µ.
Proposition 7.2. Let µ be a germ of a Weyl chamber in A. Then r A,µ is well defined and the restriction of r A,µ to any apartment A containing µ is an isomorphism onto A.
Proof. By (A2) the map r A,µ is well defined. Since each map w ∈ W preserves the distance on the model space A, we have that d(y, z) = d(r A,µ (y), r A,µ (z)) for all y, z ∈ X such that y, z, and µ are contained in a common apartment. Hence the second assertion follows.
We now introduce finite covering properties which will allow us to prove that under certain conditions the defined retractions based at germs are distance diminishing.
Lemma 7.3. Assume (X, A) is a pair satisfying (A1)-(A3) and property (CO). Let A be an apartment of X and z ∈ X a point. Then A is contained in the (finite) union of all z-based Weyl chambers parallel to a Weyl chamber in A, that is all Weyl chambers S based at z with ∂S ∈ ∂A.
Proof. In case z is contained in A this is obvious. Hence we assume that z is not contained in A. For all p ∈ A there exists, by (A3), an apartment A containing z and p. Let S + ⊂ A be a p-based Weyl chamber containing z. We denote by σ + its germ at p. There exists a p-based Weyl chamber S − in A such that its germ σ − is opposite σ + at p, i.e. these two germs are images of one another under the longest element of the spherical Weyl group interpreted as the point stabilizer of p in A. By property (CO) the Weyl chambers S − and S + are contained in a common apartment A . Let T be the unique z-based translate of S − in A . Since z ∈ S + and σ + and σ − are opposite we have that S − ⊂ T . In particular p is contained in T .
Proposition 7.4. Assume (X, A) is a pair satisfying (A1)-(A3) and properties (GG) and (CO), then the finite cover condition (FC) is satisfied. Further, if µ is a z-based germ of a Weyl chamber, then the segment between two points x and y in an apartment A is contained in a finite union of apartments containing µ.
Proof. Condition (FC) follows by Lemma 7.3. To show the rest let I be the (finite) index set of the z-based Weyl chambers S i with equivalence class in ∂A. By 7.3, we may conclude that seg A (x, y) ⊂ A ⊂ i∈I S i . We fix i and deduce from (GG) that there is an apartment A i containing µ and ∆ z S i . Let S op i be a Weyl chamber in A i whose germ is opposite ∆ z S i . Then (CO) implies that there is a unique apartment A i containing the union of S i and S op i . Hence A and therefore seg A (x, y) is contained in i∈I A i . Hence the proposition.
Next we show a local version of the sundial configuration.
7.5. From now on assume that (X, A) is a pair satisfying conditions (A1)-(A4), (TI) and the sundial configuration (SC).
Lemma 7.6. With (X, A) as in 7.5 let A be an apartment of X and ∆ x S a germ of a Weyl chamber such that ∆ x S ∩ A is a panel-germ ∆ x P . Then there exist apartments A and A such that ∆ x S ∈ A ∩ A and A ⊂ A ∪ A .
Proof. By (SC) it suffices to show that there is a Weyl chamber S of X intersecting A in a panel such that ∆ x S = ∆ x S. Let T be a Weyl chamber of A based at x having a panel containing the panel-germ ∆ x P . By Lemma 4.2 there exists an apartment B containing T and ∆ x S. Let S be the Weyl chamber of B having the panel-germ ∆ x S. Then S has P as a panel. Moreover, by convexity, if S ∩ A = P , then ∆ x S = ∆ x S ⊂ A contrary to our hypothesis. Therefore S ∩ A = P and by (SC) there exists apartments A and A such that S ⊂ A ∩ A and A ⊂ A ∪ A .
This exchange condition allows us to work with germs based at a common point, much as in the simplicial buildings case one works with chambers in a spherical residue. The assertion of the following proposition is similar to the finite cover condition (FC) shown in Proposition 7.4. However, the assumptions made in 7.4 differ from the ones here.
Proposition 7.7. Suppose (X, A) is as in 7.5. Let A and B be apartments of X and ∆ x S a germ of a Weyl chamber in A. Then for every point y ∈ B there exists a Weyl chamber T of B such that (1) the x-based Weyl chamber T parallel to T contains y, and (2) there exists an apartment A of X containing T and ∆ x S.
Proof. By Proposition 4.4, for every Weyl chamber T of B based at y, there exists an apartment B of X containing ∆ y T and ∆ x S. Let S denote the Weyl chamber of B based at y containing ∆ x S. Choose T such that (δ(∆ y T, ∆ y S )) is maximal.
If ∆ y T and ∆ y S are not opposite (that is δ(∆ y T, ∆ y S ) is not the longest element of W ) then let ∆ y P be a panel germ of ∆ y T such that the wall M of B through ∆ y P does not separate ∆ y T and S . In the apartment B there exists a Weyl chamber R such that ∆ y R shares ∆ y P with ∆ y T . Lemma 7.6 implies, that there exists an apartment B containing S and ∆ y R. Hence, since ∆ y T and S lie on the same side of M , by convexity the apartment B also contains ∆ y T . In B , we then have (δ(∆ y R, ∆ y S )) = (δ(∆ y T, ∆ y S )) + 1, contradicting the choice of T .
Hence we may assume that ∆ y T and ∆ y S are opposite. By Corollary 4.3, there exists an apartment A of X containing S and T . But ∆ x S ⊂ S , so that ∆ x S ⊂ A . Moreover, since A contains T , take T to be the Weyl chamber based at x parallel to T (in A ). Since T and S were opposite Weyl chambers and x ∈ T , it follows that y ∈ T , completing the proof of the proposition.
Corollary 7.8. Suppose that either (X, A) is as in 7.5 or is a pair satisfying (A1), (A2), (ALA), and (FC) . Let A, B be apartments of X and ∆ x S a germ of a Weyl chamber in A. Then there exist closed convex sets X 1 , . . . , X n in B such that n i=1 X i and each X i is contained in a common apartment with ∆ x S. Since each X i is convex and closed, there exists a sequence of points y = y 0 , y 1 , . . . , y k = z such that y i−1 , y i ∈ X j i for some j 1 , . . . , j k and y i is in the convex hull of y i−1 and y i+1 for i = 1, . . . , k − 1. Then
where we use the triangle inequality for d restricted to A in the next to the last step. Thus, r A,µ is distance diminishing and hence a retraction with the required properties of (A5).
We now wish to show that condition (SC) can replace conditions (A5) and (A6) in the definition of an affine Λ-building. Proof. Since we have already shown in Section 5 that (SC) is satisfied by an affine Λ-building X, and that (A6) can be replaced by (SC), it remains to show that axioms (A1)-(A4), (TI) and (SC) imply the retraction condition (A5). This follows from Propositions 7.2 and 7.9, which completes the proof.
Verifying (A4)
Assume that (X, A) is a pair satisfying axioms (A1)-(A3) and properties (GG) and (CO). By Theorem 4.1 these assumptions are enough to conclude that the germs at a given vertex form a spherical building.
Proposition 8.1. Under the above assumptions, the pair (X, A) satisfies (A4).
Proof. Let S and T be two Weyl chambers in X. We will show that by passing to sub-Weyl chambers S and T we will find an apartment containing both S and T .
Given a point x ∈ T we denote by T x and S x , the unique x-based Weyl chambers parallel to T and S, where the latter exists by [Hit09, Cor 5.11]. We denote by δ(x) the length of a minimal gallery from ∆ x S to ∆ x T in the spherical building ∆ x X. Since the number of possible values for δ(x) is finite we may without loss of generality (by choosing different sub-Weyl chambers of C if necessary) assume that x is chosen such that δ(x) is maximal. Now replace S by S x and T by T x where x is chosen such that δ(x) is maximal. By Lemma 4.2 there exists an apartment A containing T and a germ of S at x and we denote by S the x-based Weyl chamber in A which is opposite S at x. Property (CO) implies that there is an apartment A containing S and S . By (A2) the intersection A ∩ T is a convex subset of T . Let z be a point in this intersection. The unique z-based Weyl chambers S z and S z parallel to S and S , respectively, are both contained in A . By construction the length of a minimal gallery from ∆ z S z to ∆ z T z is not greater than δ(x). On the other hand, since T and S are both contained in the apartment A, we can conclude
where d is the diameter of an apartment of ∆ x X, that is the diameter of the spherical Coxeter complex associated to the underlying root system Φ. The function δ x assigns to two x-based Weyl chambers the length of a minimal gallery connecting their germs in ∆ x X.
The germ ∆ z T z lies on a minimal gallery connecting the opposite germs ∆ z S z and ∆ z S z . Such a minimal gallery is contained in the unique apartment containing ∆ z S z and ∆ z S z , which is ∆ z A . Therefore ∆ z T z is contained in ∆ z A as well. This allows us to conclude that A ∩ T contains a germ of T z . One can observe that A ∩ T is a convex subset of T containing x which is open relative to T . Hence the Weyl chamber T is contained in A . Thus (A4) follows.
Appendix: Sharpness of axiom (A5)
by Koen Struyve This section is devoted to the following question: Let (X, A) be a space modeled on A = A(Φ, Λ), which satisfies axioms (A1)-(A4) and (A6). Is (X, A) again an affine Λ-building? We will construct examples of such spaces which vacously satisfy (A6) but do not satisfy either (A5) nor (TI), answering the above question in the negative. 9.1. Some additional definitions. The images in the model space A of the fundamental Weyl chamber C f under the spherical Weyl group W will be called vector Weyl chambers. The unique fixed point in A of this group (so the basepoint of all the vector Weyl chambers) is denoted by o. The image of a vector Weyl chamber under a chart will again be called such.
We call the closed ball {x ∈ A|d(o, x) ≤ λ} and their images under charts centered balls with radius λ.
Recall that if two Weyl chambers contain a common Weyl chamber we call them parallel. If an atlas satisfies axiom (A2), then this relation forms an equivalence relation.
A space modeled (X, A) modeled on A = A(Φ, Λ) will be called λ-admissible if the following conditions are satisfied. (T2) If two apartments intersect, then they either intersect in a single point contained in the centered balls with radius λ of both apartments, or they intersect in a Weyl chamber contained in the interior of vector Weyl chambers in both apartments. (T3) All the vector Weyl chambers in one parallelism class contain a common sub-Weyl chamber.
Fix a sequence (λ i ) i=1,2,... with λ i ∈ Λ such that 0 < λ 1 < λ 2 < . . . and the sequence converges to infinity.
9.2. Extension procedure. In this section, we will construct from a given λ i -admissible space (X i , A i ) (i ∈ N\{0}) a λ i+1 -admissible space (X i+1 , A i+1 ), extending the previous one.
9.2.1.
Step 1: Covering pairs of points. Let P be the set of pairs of points (up to order) in centered balls with radius λ i+1 in X i not yet covered by a common apartment. For each pair p := (x, y) in P we choose distinct points x p and y p in the centered ball of radius λ i+1 of a copy A p of the model space A. Let π p be the canonical isometry from A to A p .
We now define X i to be the union of the sets X i and A p \ {x p , y p } for each p := (x, y) in P . The set of charts A i is defined as the set of charts A i together with a chart
for each p := (x, y) in P .
It is straigthforward to verify that the newly obtained space (X i , A i ) satisfies conditions (T0) up to (T3) (with λ = λ i+1 ), and hence is an λ i+1 -admissible space.
9.2.2.
Step 2: Covering pairs of sectors. We will now extend (X i , A i ) to a λ i+1 -admissible space (X i+1 , A i+1 ).
Let Q be the set of parallelism classes of Weyl chambers in X i . For each class q ∈ Q, consider all vector Weyl chambers in this parallelism class. We know that these vector Weyl chambers contain a common sub-Weyl chamber by condition (T3). Condition (T2) together with the definition of vector Weyl chambers then implies that there exists a sub-Weyl chamber which has no points in common with the centered balls of radius λ i+1 in any apartment. Fix such a sub-Weyl chamber S q .
Let R be the set of pairs (up to order) of parallelism classes of sectors not yet covered by a common apartment (meaning that there are no two elements, one of each class, contained in a common apartment). For each such pair r := (q 1 , q 2 ) we pick two disjoint sub-Weyl chambers S 1 r and S 2 r , both contained in vector Weyl chambers of a copy A r of the model space A, and such that S 1 r and S 2 r are disjoint with the centered ball of radius λ i+1 in A r . Let π r be the canonical isometry from A to A r . Let π 1 r and π 2 r be the canonical isometries from S 1 r and S 2 r to respectively S q 2 and S q 1 . The set of points X i+1 of the space we want to construct is the union of the sets X i and A r \ (S 1 r ∪ S 2 r ) for each r in R. The set of charts A i+1 is A i extended with a chart We now claim that (X i+1 , A i+1 ) is λ i+1 -admissible space. Conditions (T0) and (T3) are automatically satisfied. In order to see conditions (T1) and (T2) note that for any two points a ∈ S q and b ∈ S q , where q, q are two distinct parallelism classes in Q, one has that a and b are not contained in a common apartment by condition (T2) for (X i , A i ).
9.3. Direct limit and conclusion. By repeating the extension procedure laid out in the previous sub-section one obtains sets of points X i ⊂ X i+1 ⊂ X i+2 ⊂ . . . and sets A i ⊂ A i+1 ⊂ A i+2 ⊂ . . . of injections. Let
This direct limit yields a space (X ∞ , A ∞ ) modeled on A = A(Φ, Λ). In order to satisfy axiom (A1) we replace A ∞ by the set A ∞ = {f • w|f ∈ F, w ∈ W }. The space (X ∞ , A ∞ ) satisfies axiom (A2) by condition (T1) for the intermediate steps. The repetition of the first and second step of the procedure implies that (X ∞ , A ∞ ) satisfies axioms (A3) and (A4) as well.
If the dimension of A is at least 2 then no two apartments intersect in a half-apartment by condition (T2) for the intermediary steps, so axiom (A6) is satisfied vacuously. So in this case we obtain a space which satisfies axioms (A1)-(A4) and (A6). However it cannot consists of more than a single apartment and satify axiom (A5) at the same time because if it would, then there would be apartments intersecting in half-apartments (see for example [Par00, Prop. 1.7]). By Theorem 3.2 it cannot satisfy (TI) either then.
A more direct way to obtain an example which does not satisfy (TI) is to start from a λ 1 -admissible space (for a suitable choice of λ 1 ) which does not satisfy (TI). An example would be three apartments glued pairwise together at a (distinct) point. The three glueing points form a triangle, for which the side lengths can be chosen such that they violate the triangle inequality.
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